Bilattice-based triangle provides elegant algebraic structure for reasoning with vague and uncertain information. But the truth and knowledge ordering of intervals in bilattice-based triangle can not deal with nonmonotonic reasoning and are not always intuitive. In this work, we construct an alternative algebraic structure, namely poset-based triangle and we provide with proper logical connectives for this. It as an enhancement of the bilattice-based triangle to handle nonmonotonicity in logical reasoning.
Introduction:
In many application domains decision making and reasoning deal with imprecise and incomplete information. Fuzzy set theory is a formalism for representation of imprecise, linguistic information. A vague concept is described by a membership function, attributing to all members of a given universe X a degree of membership from the interval [0,1]. The graded membership value refers to many-valued propositions in presence of complete information, but this 'one-dimensional' measurement cannot capture the uncertainty present in information. In absence of complete information the membership degree may not be assigned precisely. This uncertainty with respect to the assignment of membership degrees is captured by assigning a range of possible membership values, hence by assigning an interval. Interval-valued Fuzzy Sets (IVFSs) deal with vagueness and uncertainty simultaneously by replacing the crisp [0,1]-valued membership degree by intervals in [0, 1] . The intuition is that the actual membership would be a value within this interval. The intervals can be ordered with respect to their degree of truth as well as with respect to their degree of certainty by means of a bilattice-based algebraic structure, namely Triangle [1, 2, 6] . This algebraic structure serves as an elegant framework for reasoning with uncertain and imprecise information.
The truth and knowledge ordering of intervals as induced by bilatticebased triangles are inadequate for dealing with nonmonotonic reasoning and are not always intuitive. In this paper we address this issue and attempt to propose an alternate algebraic structure to eliminate the shortcomings of bilattice-based triangle. The major contributions of this paper are as follows:
• We demonstrate, with the help of proper examples (in section 3), that bilattice-based triangle is incapable of handling nonmonotonic reasoning. In nonmonotonic reasoning, inferences are rectified or changed as more and more information is gathered. The prototypical example is inferring that a particular individual can fly from the fact that it is a bird, but retracting that inference when an additional fact is added, that the individual is a penguin. Such continuous belief revision is not properly represented in bilattice-based triangle.
• We point that the truth ordering is unintuitive regarding ordering of intervals when one interval lies completely within the other (section 3).
• Exploiting the discrepancies mentioned, we propose modifications for knowledge ordering and truth ordering of intervals so that the aforementioned shortcomings are removed (in section 4).
• Using the modified knowledge and truth ordering we construct an alternate algebraic structure, namely poset-based triangle (in section 5). This structure can be thought of as a unification of bilattice-based triangle and default bilattice [13] . With this we come out of the realm of bilatticebased structures and explore a new algebraic structure based on posets.
• The proposed algebraic structure is then equipped with appropriate logical operators, i.e. negation, t-norms, t-conorms, implicators, in section 6. Most of the operators are in unison with those used for the bilattice-based structure. But the modified orderings offer additional flexibility. This section addresses some of the basic definitions and notions that will ease the discussion in the forthcoming sections.
Uncertainty and incompleteness of information is unavoidable in real life reasoning. Hence, sometimes it becomes difficult and misleading, if not impossible, to assign a precise degree of membership or to assert a precise degree of truth to a proposition. Therefore, assigning an interval of possible values is the natural solution. Intervals are appropriate to describe experts' degrees of belief, which may not be precise [15] . If an expert chooses a value, say 0.8, as his degree of belief for a proposition, actually we can only specify vaguely that his chosen value is around 0.8 and can be represented by an interval, say [0.75, 0.85]. Otherwise an interval may designate the degree of belief asserted by multiple rational experts. Due to lack of complete knowledge the assertions made by different experts will be different and this lack of unanimity can be reflected by appropriate interval. The natural ordering of degree of memberships (≤) can be extended to the set of intervals and that gives rise to IVFS.
An IVFS can be viewed as an L-fuzzy set [14] and the corresponding lattice can be defined as [8] :
In the definition, L I is the set of all closed subintervals in [0, 1] . Figure  1 shows the set L I .
Bilattice-based Triangle:
Bilattices are ordered sets where elements are partially ordered with respect to two orderings, typically one depicts the degree of vagueness or truth (namely, truth ordering) and the other one depicting the degree of certainty (namely, knowledge ordering) [1, 6] . A bilattice-based triangle, or simply Triangle, can be defined as follows:
This triangle B(L) is not a bilattice, since, though the substructure
When L is the unit interval [0,1], then I(L) describes membership of IVFSs L I , and the lattice L I becomes (I(L), ≤ t ). In knowledge ordering the truth values are ordered by set inclusion as was suggested by Sandewall [17] .
Triangle B({0, 0.5, 1}) is shown in figure 2.
Necessary modifications in Triangle:
Intervals are used to approximate degree of truth of propositions in absence of complete knowledge. All values within an interval are considered to be equally probable to be the actual truth value of the underlying proposition. Thus considering intervals as truth value of propositions enables efficient representation of vagueness and uncertainty of information and reasoning. However, the Triangle structure suffers from the following shortcomings which must be eliminated.
Inadequacy in modeling nonmonotonic reasoning:
One important aspect of human commonsense reasoning is that it is nonmonotonic in nature [5] . In many cases conclusions are drawn in absence of complete information and we have to jump to conclusions based on premises that are merely rules of thumb, provided the evidence to the contrary is absent. But, these conclusions may have to be given up in light of further Rules:
Facts: Bird (Tweety) [Tweety is a bird] Given these information, suppose, multiple experts are trying to assess the degree of truth of the proposition "Tweety Flies" [Fly (Tweety)]. The rule "Birds Fly" is not a universally true fact, rather it's a general assumption that has several exceptions. Thus, being a Bird is not sufficient to infer that it will fly, since it may be a Penguin, an ostrich or some other non-flying bird. Since, nothing is specified about Tweety except for it is a bird, it is natural in human commonsense reasoning to "assume" that Tweety is not an exception and it will fly. Now, the confidence about this "asumption" will be different for different experts. An expert may bestow his complete faith on the fact that Tweety is not an exceptional bird and he will assign truth value 1 to "Tweety flies". Another expert may remain indecisive as he cannot ignore the chances that Tweety may be a non-flying bird and he will assign 0.5 (neither true nor false) to the proposition "Tweety flies". Others' assignments may be at some intermediate level depending on their perception about the world. Thus, the experts' truth assignments collectively construct an interval [0. Thus, given the two intervals, based on the triangle structure, we remain clueless about which interval has higher degree of knowledge and which interval we should take up as final assertion of " Tweety flies". This is counter-intuitive and unwanted.
This type of scenario can be efficiently taken care of in the Default bilattice [13] . The general rule "Birds fly" will be assigned 'dt', i.e. true by default. Hence, 'Tweety flies' will also get dt. After acquiring the knowledge that Tweety is a penguin, 'Tweety flies' is asserted definitely false, i.e. f. In the Default bilattice ( fig. 3 ) f ≥ k dt, expressing that the later conclusion is more certain than the earlier one.
Example 1 demonstrates that Triangle is incapable of depicting the continuous revision of decision in absence of complete knowledge. Default bilattice is more appropriate than Triangle in nonmonotonic reasoning, but, vagueness or imprecision of information cannot be represented in Default bilattice. The following example presents a formal account of what is shown in Example 1.
Example 2: Suppose we are trying to judge whether two individuals are same or not by considering their appearances at different points of time in a surveillance system. If they appear similar in the surveillance camera Figure 3 : Default Bilattice then they may be equal, though appearance matching doesn't give a full proof confirmation of the claim. For instance, if two individuals are twins, then they may appear similar. Moreover, similarity of individuals is a fuzzy attribute. Linguistically, similarity between individuals is specified by terms like 'very similar', 'more or less similar' etc and similarity between appearance of two persons (say a, b in this example) may be higher than that of other two individuals (say c, d). In such a scenario following information is available: rules:
Here, the truth value ascribed to similar(P 1 , P 2 ) would declare how much similar the individuals P 1 and P 2 are.
Intuitively, from the given information a rational agent would infer that individuals a, b are not equal. Now, given this information the objective is to assess whether individuals a and b are same or not using various bilattice structures. The inference mechanism is specified in [13] . The truth-assignment function φ assigns to each rule an appropriate truth value. The closure operator over φ (cl(φ))denotes the truth assignment that labels information entailed from the given set of rules and facts. The operator cl + (φ)(q) takes into account set of rules that entail q and cl − (φ)(q) considers set of rules that entail ¬q.
Reasoning using Default bilattice: The Default bilattice (figure 3.) is incapable of representing the distinction between degrees of similarity of a, b and c, d. Hence the facts similar(a, b) and similar(c, d) must be assigned with same degree of truth. Thus, some information is lost in this representation. Rule r1 is a general rule, having exceptions (e.g. as specified in r2). Thus it would be assigned the truth value dt. Whereas, r2 and all the facts would be treated as absolutely true.
rules:
Now these two truth values are combined to get the final truth degree of equal(a,b) as;
This is the intended inference. Reasoning using Triangle: As discussed in example 1, the rule r1, being a general assumption, would be assigned with an interval inclined to the value 1. Rule r2 is definitely true and hence would get [1, 1] . Individuals a and b are more similar than c and d. This different degrees of similarity can be specified by assigning different intervals.
The two intervals [0.7, 1] and [0, 0] are neither comparable in Triangle nor they have a glb in the Triangle structure. Thus the two intervals cannot be combined to get a single truth value for equal(a, b). Hence, using Triangle it is not possible to achieve the intended inference that a and b are not equal.
Thus the knowledge ordering in bilattice-based triangle must be modified in order to remove the aforementioned discrepancy. The modified knowledge ordering must incorporate within Triangle the ability to perform reasoning in presence of nonmonotonicity as the Default bilattice.
Truth ordering is not always accurate:
In the bilattice-based triangle, for two intervals [
According to this ordering any two intervals x and y are incomparable if x is a proper sub-interval of y or vice versa, i.e. if one interval lies completely within the other with no common boundary. The justification behind this incomparability is that, if an interval, say y, is a proper sub-interval of x then the actual truth value approximated by interval x(x) may be greater or less than that ofŷ. Though, as the two intervals overlap, it is not ensured that the real truth value approximated by the lower interval will be smaller than the real truth value approximated by the higher interval (e.g. though x ≤ t y but it may be the case thatx = 0.75 andŷ = 0.65). In this respect the comparibility of the two intervals is not justified. Therefore, it is not always the most accurate ordering and can be regarded as a " weak truth ordering" [10] . The truth ordering must be modified in order to remove the anomaly, so that, if two overlapping intervals are (not) t-comparable, so would be two intervals one lying inside the other.
Modification in Triangle structure:
Based on the discussions in the above two subsections the bilattice-based triangle is modified.
Modification in knowledge ordering:
The knowledge ordering can be defined based on just the length of intervals and irrespective of the real truth values they attempt to approximate. Thus for two intervals [
that is, wider the interval lesser is the knowledge content, where, x < kp y means x ≤ kp y and x = y. Equality of the width of intervals is a necessary condition for x = y, but not a sufficient condition; because two different intervals may have equal width, e.g. 
Modification in Truth Ordering:
The truth ordering (≤ t ) gives rise to certain discrepancies in ordering intervals, as discussed in section 3.2. The justification in support of this weak truth ordering is [7] "x ≤ t y iff the probability thatx ≤ŷ is larger thanx ≥ŷ"
i.e. the basic intuition behind truth ordering of intervals lies in comparing the probabilities P rob(x ≥ŷ) and P rob(x ≤ŷ). Lets take this statement as a starting point to revisit the truth ordering, especially in case when one where,x(ŷ) stands for the actual truth value approximated by the interval x(y); and x m and y m are respectively the midpoints of intervals x and y.
Proof: The proof is constructed by considering several cases depending on how intervals x and y are situated on the [0, 1] scale.
Since any x ∈ [x 1 , x 2 ] is equally probable to be equal tox (i.e. there is a uniform probability distribution over [
Case 1:
Suppose, x = [x 1 , x 2 ] has y = [y 1 , y 2 ] as a proper sub-interval (Fig 5) . For these intervals x 1 < y 1 and y 2 < x 2 , hence x and y can not be ordered using ≤ t . 
≡ the midpoint of interval x < the midpoint of interval y ≡ x m < y m .
Case 2:
Suppose interval y = [y 1 , y 2 ] is a sub-interval of interval x = [x 1 , x 2 ] with a common end point, say x 2 = y 2 ( Figure 6 ). In this particular case x 1 < y 1 . 
Case 3:
Suppose two intervals x = [x 1 , x 2 ] and y = [y 1 , y 2 ] are overlapping, as shown in figure 7 . In this case, x 1 ≤ y 1 and x 2 ≤ y 2 .
Here, 
(rearranging terms)
(since, x 1 ≤ y 1 and x 2 ≤ y 2 , replacing x 1 y 1 , −y 2 1 , −x 1 y 2 respectively with y 2 1 , −y 1 x 1 and −x 1 x 2 doesn't affect the inequality)
(adding and subtracting y 1 x 2 )
≡ the midpoint of interval y > the midpoint of interval x ≡ x m < y m . Case 4: We can have two subcases for disjoint intervals ( Figure 8 ). For case a, the interval x is lower than the interval y, i.e. ∀a ∈ [x 1 , x 2 ], a ≤ y 1 or in other words x 1 < x 2 ≤ y 1 < y 2 . Similarly, for case b, the interval y is lower than the interval x, i.e. ∀b ∈ [y 1 , y 2 ], b ≤ x 1 or in other words y 1 < y 2 ≤ x 1 < x 2 .
In this case, since intervals are disjoint, P rob(x ≤ŷ) = 1 and P rob(x ≥ŷ) = 0 if x 2 ≤ y 1 (Case a); P rob(x ≤ŷ) = 0 and P rob(x ≥ŷ) = 1 if y 2 ≤ x 1 (Case b); Now, P rob(x ≥ŷ) < P rob(x ≤ŷ) ⇒ P rob(x ≥ŷ) = 0 and P rob(x ≤ŷ) = 1
Again;
x m < y m ⇒ x 1 + x 2 < y 1 + y 2 ⇒ x 1 < y 1 and x 2 < y 2 and x 2 ≤ y 1 [since intervals are disjoint] ⇒ P rob(x ≥ŷ) = 0 and P rob(x ≤ŷ) = 1 ⇒ P rob(x ≥ŷ) < P rob(x ≤ŷ).
Thus P rob(x ≥ŷ) < P rob(x ≤ŷ) ≡ x m < y m . Q.E.D Hence, it is proved that the straightforward way to compare the probabilities P rob(x ≥ŷ) and P rob(x ≤ŷ) for two intervals x and y is to compare Figure 9 : Intervals incomparable in t-ordering but not equal their midpoints. Case 1 in the above proof is particularly interesting, where one interval is a proper sub-interval of the other. Though the chosen intervals x and y are not comparable with respect to ≤ t ordering, but we can compare their midpoints and thus order the probabilities P rob(x ≥ŷ) and P rob(x ≤ŷ). Thus following statement ( * ) a truth ordering can be imposed on x and y based on the probabilistic comparison. The existing truth ordering (≤ t ) as shown in Definition 2.2, doesn't allow this comparability of x and y, and hence a new truth ordering is called for. Now that we are able to estimate and order the probabilities, in light of statement ( * ) we are in a place to construct a generalised truth ordering (≤ tp ) as follows:
Here x < tp y stands for x ≤ tp y and x = y. The equality is omitted in the modified criteria for truth ordering since, the equality of midpoints of two intervals x and y, (i.e.
2 ) is a necessary condition for x = y, but not a sufficient condition; because two unequal intervals can have same midpoint, as shown in Figure 9 .
Moreover, the discrepancy mentioned in section 3.2 is resolved, since cases where intervals are overlapped and when one interval is a proper subinterval of the other are treated uniformly and in each case intervals are comparable with respect to ≤ tp . 
Thus, the probabilistic analysis gives a broader truth ordering of the intervals that can be achieved by comparing midpoints of intervals. For each pair of intervals if they are comparable with respect to ≤ t they are also comparable with respect to the modified truth ordering ≤ tp and additionally ≤ tp can order intervals when they are proper sub-interval of each other and hence are not ≤ t −comparable. 5 Poset-based Triangle: an alternative structure Based on these modifications we propose a modified and more intuitive algebraic structure for ordering intervals with respect to degree of truth and knowledge (or certainty).
Notation: For an interval x; x m and x w will be used to denote the midpoint (or center) and the length of the interval respectively; i.e. x m = (x 1 + x 2 )/2 and x w = (x 2 − x 1 ). The pair (x m , x w ) uniquely specifies an interval x and hence may be used instead of the traditional representation
Typically L is taken to be the unit interval [0,1] continuous or properly discretised in adequate number of equidistant points. Poset-based triangle for I({0, 0.5, 1}) is shown in figure 11 . In figure 12 Because of the modified knowledge ordering, the Poset-based Triangle can be thought of as a unification of the Default bilattice and the bilatticebased Triangle. i.e. the set of intervals incomparable with the interval [a, a] with respect to their degree of truth.
Logical Operators on P(L)
All the logical operators, e.g. conjunction, disjunction, implication and negation, defined for bilattice-based triangle (B(L)) [6, 8] are applicable for poset-based triangle (P(L)) as well. But the modified truth and knowledge ordering will incorporate some modifications in the definition and properties of the connectives. The notations 0 I(L) and 1
6.1 Negator:
is an involutive negator on (I(L), ≤ tp ) Proof : N to be an involutive negator it must satisfy the following criteria:
2.N has to be decreasing on (I(L), ≤ tp ).
Let x = [x 1 , x 2 ] and y = [y 1 , y 2 ] are two intervals in I(L). Now suppose, without loss of generality, x > tp y; which is equivalent to,
or,
Case 1: If neither of x and y is a proper sub-interval of the other, i.e.
Case 2: When y is a proper sub-interval of x. Thus,
Since, x > tp y,
Case 3: When x is a proper sub-interval of y. Then;
Thus, N is decreasing.
Therefore, it is proved that N satisfies the boundary conditions and is a decreasing mapping on (I(L), ≤ tp ). So N is a negator on (I(L), ≤ tp ).
Since, N is involutive, we obtain that, ∀x ∈ I(L);
Hence, N is involutive. Q.E.D.
A standard negator
For an element x = [x 1 , x 2 ] in I(L) the standard negation of x is defined as:
Thus the degree of knowledge is unaltered by negation, but the interval (and hence its midpoint) is reflected across the central line of I(L) i.e. the line joining points [0.5, 0.5] and [0, 1] . This negation corresponds to classical negation.
Properties:
One point that must be emphasized is that involutive negators can be defined on (I(L), ≤ tp ) that are not of the form stated in Theorem 6.1.
Example: Consider the lattice L = ({0, 1/3, 2/3, 1}, ≤) and a mapping N 1 on (I(L), ≤ tp ) defined as follows:
N 1 is an involutive negator on (I(L), ≤ tp ), but is not of the form specified in Theorem 6.1. This is the difference between negators on bilattice-based triangle [6] and poset-based triangles.
T-norms and T-conorms:
The t-norms and t-conorms can be defined over the poset-based triangle.
and a semi-norm is called a t-norm if it is commutative and associative.
and a semiconorm is called a t-conorm if it is commutative and associative.
Two important t-(co)norms defined for IVFS, namely t-representable and pseudo t-representable t-(co)norms [9] , can be defined over the posetbased triangle structure. 
T is called the representant of T.
Min t-norm and t-conorm
The Min t-norm (T M in ) is the greatest t-norm with respect to the ≤ t ordering and is defined as:
One property of this t-norm is that it doesn't hold that ∀x, y ∈ I(L) either
This phenomenon is not intuitive sometimes. Using the modified truth ordering (≤ tp ) the min t-norm can be defined in a different manner as follows:
Definition 6.7. For any two intervals x, y ∈ I(L)
Definition 6.8. For any two intervals x, y ∈ I(L)
In the above definition min t {x, y} gives the interval having lower degree of truth irrespective of its knowledge content, i.e. min t {x, y} = x if x ≤ tp y. Similar meaning can be ascribed to max t {x, y}. Whereas, min k {x, y} gives the interval which is lower with respect to the k-ordering, i.e. having higher degree of uncertainty. For instance, min k {x, y} = x if x ≤ kp y. Similarly max k {x, y} can be defined.
It is clear that T M inp and S M inp satisfies the conditions in Definition 6.3 and 6.4 respectively.
Example: 
Proof : Consider two intervals x, y ∈ I(L). Part 1: First, suppose intervals x and y are comparable with respect to ≤ tp , and lets assume, without loss of generality x > tp y. Thus T M inp (x, y) = y and S M inp (x, y) = y. Since N s is decreasing with respect to the degree of truth, then
Moreover, if x m = y m (i.e. x and y are incomparable with respect to their degree of truth), and say, x < kp y T M inp (x, y) = y. Since the negator N s preserves the degree of knowledge and reverses the degree of truth, N s (x) and N s (y) are incomparable in t-ordering and
Moreover, if x m = y m and say, x < kp y S M inp (x, y) = y. The negator N s being order preserving for k-ordering,
Hence, the t-norm T M inp , t-conorm S M inp and negator N s forms a DeMorgan triplet. Q.E.D.
Product t-norm and t-conorm
The product t-(co)norm is useful to model the conjunction of independent events in probabilistic semantics. Definition 6.9. For any two intervals x, y ∈ I(L), the product t-norm is defined as follows: = y m .
Conclusion:
We would conclude with a critical appreciation of the proposed structure with respect to the bilattice-based triangle. The structure, poset-based triangle, together with the logical operators defined on it, provides a framework for reasoning with imprecise, uncertain and incomplete information. Unlike bilattice-based triangle, the poset-based triangle is capable of handling repetitive belief revisions in nonmonotonic reasoning. Moreover the truth ordering in the new structure is more intuitive. As demonstrated here, all the operators defined for bilattice-based triangles are suitable for the proposed structure as well and the modified truth ordering invokes some new logical connectives with interesting properties. Thus, the proposed poset-based structure can be considered as an enhancement to bilattice-based triangle. This work is an preliminary analysis of the necessity of poset-based triangle and its pros and cons, and leaves enough scope for further investigation and analysis.
